The bounce solutions of self-interacting scalar fields coupled to gravity are studied using a semi-classical approach. We found that bounce solutions have a maximum required barrier curvature, in addition to the known minimum required barrier curvature. In particular, as the maximum barrier curvature is approached, the scale factor of the well-known Colemen-De Luccia (CDL) bounce solutions become divergent. Unlike the CDL or its more general oscillating bounce counterparts, this cannot be considered as a subset of the Hawking-Turok solution.
The semi-classical description of false vacuum decays in flat space has been well understood for some time [5] [6] [7] [8] . A generalisation of the problem to include gravity was considered by Coleman and De Luccia (CDL) [1] . In both flat-and curved-space descriptions, the decay rate is calculated from the Euclidean action evaluated under the classical path which satisfies the Euler-Lagrange equations. It follows that a full understanding of the vacuum decay requires knowledge of the classical solutions to the field equations.
To model the decay of the field, the potential function for the field φ is required to have two minima separated by a barrier. Thus a natural choice that captures this essential features is a potential function quartic in φ, which depicts an asymmetric double well. The classical bounce
1 solution under such a potential was found by CDL. It describes φ being initially at the false vaccuum, then crossing the barrier to reach the true vacuum. The original solution presented by CDL was obtained under the thin wall approximation, where the energies at the false and true vacua are infinitesimally close to each other. Since then, numerical solutions without the thin wall approximation have also been obtained [11] [12] [13] [14] [15] [16] .
Subsequent studies were built upon these results, with notable examples of [17] [18] [19] , all of which found new classes of solutions, with the latter two only appearing in the presence of gravity. More recently, Dong and Harlow [20] presented exact solutions for the CDL bounce in higher dimensions, though such solutions require potentials that do not have simple closed-form expressions. In four dimensions, it is possible to obtain exact bounce solutions if the potential contains exponential terms [21] . The particular case where the scalar potential is symmetrical (i.e., with degenerate vacua) was considered in [22] and provides a possible braneworld interpretation. In [23] , it was found that the presence of inhomogeneities enhances the tunnelling rate. A class of solutions corresponding to multiple bounces was considered by Hackworth and Weinberg [19] , where the field crosses the potential barrier multiple times before settling at either the false or true vacuum as its final state. A study of fluctuations around these higher-bounce solutions shows that they contain more than one negative mode [24] and thus thermal transitions dominate over those attributed to quantum tunnelling. Therefore, these higher-bounce solutions are more akin to the Hawking-Moss solutions [17] . The nature of the bounce solutions also depends on the size of the bubbles. It turns out that small bubbles behave similarly to its flat spacetime counterparts, and that large bubbles have no flat space analogues [25] .
Using a semi-classical approach with numerical integration, we verified claims by [19] and [24] that oscillating bounce solutions with more oscillations appear as the barrier curvature increases. We also verified claims by [24] that these new oscillating bounce solutions have more than one negative mode, which corresponds to thermalisation. On the other hand, Coleman-De Luccia (CDL) bounce solutions, also referred to as 1-bounce solutions, have only one negative mode and thus corresponds to tunnelling [24] .
While doing so, we obtained a class of tunnelling bounce solutions with a non-vanishing scale factor, suggesting that the boundary conditions imposed by [1] and subsequent work may be relaxed. Unlike the CDL solutions or the more general oscillating bounce solutions, these cannot be considered a subset of Hawking-Turok solutions due to the non-vanishing scale factor. This suggests that bounce solutions in general are not a subset of HawkingTurok solutions. In addition, like the CDL bounce solutions, these solutions have only one negative mode, which suggest that it is possible to have quantum tunnelling effects without the scale factor vanishing for finite Euclidean time. This solution was only found for intial conditions beginning near the true vacuum, and not for initial conditions beginning near the false vacuum.
In addition, our results suggest that the bounce solutions found by [19] and [24] may vanish as barrier curvature increases, starting from solutions with the smallest number of oscillations. However there is one particular exception: For solutions corresponding to transitions from true to false vacua, the 1-bounce and 2-bounce solution vanish at the same value of barrier curvature. The 1-bounce solution has a further property where as the barrier curvature increases, it turns into a new class of bounce solution (which we will describe in Sec. 4) before vanishing. Instead, it appears to vanish at the value of barrier curvature for which the new class of bounce solution begins, suggesting that the mechanism responsible for the vanishing solutions may be related to the new class of bounce solution.
This paper is organised as follows: In Sec. 2 we review the Euclidean action and derive the classical equations of motion for the theory. In the same section we will also provide a description of the potential function used in this paper. Subsequently, we give a brief review of the known solutions in Sec. 3. In Sec. 4 we present a bounce solution that satisfies a different set of boundary conditions from the earlier known solutions. In Sec. 5, we provide numerical evidence that the existence of oscillating bounce solutions require that the barrier curvature lie within a certain range of values. This paper concludes with some closing remarks in Sec. 6.
Action and equations of motion
In the semi-classical limit, the decay rate per volume of the meta-stable state is given by [1, 7] Γ ∝ e −S E ,
where S E is the Euclidean action of a four-dimensional self-interacting scalar field minimally coupled to gravity,
where κ = 8π/M 2 Pl gives the coupling to gravity via the Ricci scalar R. As mentioned in Sec. 1, it is of interest to study the classical solutions to this action, which correspond to δS E = 0. Varying the action with respect to the scalar field and metric leads to the Einstein-scalar equations
Coleman et al. has shown that bounce solutions are always O(4)-symmetric [26] . Therefore we take our geometry to be described by the metric
where dΩ
is the metric of a round S 3 . With this O(4) symmetry reflected in the geometry, φ can be taken to depend only on 'Euclidean time' σ, then the equations of motion (3) reduce toφ
along with a constraintȧ
Here, over-dots denote derivatives with respect to σ.
In the following, we consider a scalar potential of the form
This potential has two local minima, namely the false vacuum φ = φ fv and the true vacuum φ = φ tv , where V (φ tv ) < V (φ fv ). The two minima are separated by a barrier at φ = 0, as shown in Fig. 1 . The parameter b sets the spacing between φ fv and φ tv , with φ fv < 0 < φ tv , while ν sets the scale for the scalar field, which we may parametrise more conveniently as ǫ = κν 2 /3. The parameter β is the 'barrier curvature', as it is related to the second derivative of the potential at φ = 0 by
For later convenience, we further define
We will also find it convenient to introduce shorthands for the following quantities:
Throughout most of this paper, we will be concerned with finding numerical solutions to Eq. (5) under the potential (7). To do this we implement the standard shooting method where we begin the integration at σ = 0 with the relevant initial conditions which we will elaborate below. Our shooting parameter will be φ(0), which we adjust until we find a solution which satisfies the appropriate end-point boundary conditions. The constraint (6) is used to set the scale of a(σ).
Review of known solutions
In this section, we review the various solutions found in earlier literature. Aside from the trivial solutions, these can be categorised by the boundary conditions, namely the behaviour of φ and a at the boundaries of the domain 0 ≤ σ ≤ σ max for some positive σ max .
Trivial solutions: The simplest solutions to Eqs. (5a) and (5b) are the trivial solutions with φ being constant at 0, φ fv , or φ tv . The particular case φ = 0 is known in the literature as the Hawking-Moss solution [17] . With a constant φ, Eq. (5a) is trivially satisfied and Eq. (5b) is solved by
Bounce solutions: These are solutions defined by the boundary conditionṡ
where the last condition is taken as the defining equation for σ max , particularly the point where a(σ) returns to zero at some finite σ. The typical scenario of interest is where φ starts somewhere close to φ tv at σ = 0, and ends near φ fv at σ = σ max . Over this interval of σ, φ may oscillate, or bounce, multiple times across the barrier at φ = 0. A bounce solution can then be characterised by its number of bounces, n, where n as the number of times the field crosses the φ = 0 barrier. 2 In particular, the single-bounce solution depicted in Fig. 2 was found by Coleman and De Luccia [1] (CDL) and we shall refer to it as the 'CDL bounce solution', as we have alluded to in Sec. 1. Solutions with more bounces are those considered in [19, 24] . An example of n = 13 is shown in Fig. 3 . We shall denote these n ≥ 2 solutions as 'oscillating bounce solutions'.
Hawking-Turok/ φ-diverging solutions: The solutions considered by Hawking and Turok [17] are those with the boundary conditionṡ
Between the discrete bounce solutions, there exist a continuous range of solutions where φ(σ max ) → ±∞ instead of ending at some finite φ(σ max ) withφ(σ max ) = 0. We shall also call these φ-diverging solutions, in part to distinguish this class from a separate one we consider in the next Section where a diverges instead of φ. It was suggested by Ref. [18] that these are valid classical solutions, but are ignored because they diverge and are nondiscrete. We also observe that Eq. (13) is simply Eq. (12) with the conditionφ(σ max ) = 0 relaxed. Hence we may regard the bounce solution as a subset of the Hawking-Turok solutions.
Bounce solutions with diverging scale factor
In addition to the three classes of solutions outlined in the previous section, we report in this paper another class of solutions that, to our knowledge, has yet to be studied in detail. The boundary conditions arė
Similar to the Hawking-Turok solutions, these conditions are simply Eq. (12) with one condition relaxed. In the present case, the condition we relax is the requirement that a(σ) approaches zero within finite σ. Nevertheless, our solution here is distinct from the Hawking-Turok in the sense that φ is always finite, whereas φ diverges in the HawkingTurok case. Unlike all the known solutions outlined in the previous sections, the range of σ for the present class is semi-infinite, σ ∈ [0, ∞). 3 Due to the boundary conditions on φ, the solutions of φ do not diverge. Therefore it is similar to the bounce solutions outlined in Sec. 3, except that a diverges as σ → ∞. Therefore, we shall henceforth refer to this class as the a-diverging solutions. For these solutions to occur, the potential is required to satisfy
The boundary conditions (14) are distinct from those reviewed in Sec. 3, thus one might regard this as a new class of solutions. However if viewed in terms of transitions between two AdS vacua (as is clear from Eq. (15)), these solutions are implicit in the constructions considered in, among others, Refs. [1, 27, 28] , most of which were calculated under thinwall approximations. More recently, numerical solutions in the case of Minkowski to AdS vacuum has been studied by Masoumi et al. in [29] . 4 An example of this a-diverging class is shown in Fig. 4 , where we can see that it consists of two distinct regions ofφ ≃ 0 and negative V (φ) connected by a very brief transition. In fact, it spends most of its time near the vacua such that φ and a behave like their respective trivial solutions. As a result, the scale factor a accordingly has two sinh-like regions, each of which well-approximated by the negative V (φ) case in (11) . This is shown explicitly in Fig. 4 where we have also plotted a fv and a tv , the trivial solutions given by
and we have exploited the invariance of the equations of motion under σ → σ + constant to see that the growth rate coincides with the new solution after the transition. When φ is initially near the true vacuum, the scale factor increases exponentially at a rate which is approximately H ≃ H tv . When φ bounces over to near the false vacuum, a is still exponentially increasing, but at a different rate H ≃ H fv . At present, the a-diverging class of solution with the above-mentioned behaviour of a has only been found for singlebounces of φ. We believe that sinh-like scale factors for oscillating bounce solutions are not found because the transition region is too large.
We regard this class also as a bounce solution since the scalar field continues to behave in a similar manner as the CDL bounce solutions. However the domain of this solution is σ ∈ [0, ∞), instead of ending at a finite σ as in the CDL case. Clearly, this cannot be considered a subset of the Hawking-Turok solutions, since, as mentioned above, a diverges and thus do not obey Hawking-Turok boundary conditions in Eq. (13).
Additionally, we have studied the quantum fluctuation about these classical solutions using a method similar to [24] . The a-diverging solutions only have one negative mode, which is identical to the results obtained for the CDL solutions, suggesting that this class of solutions also correspond to quantum tunnelling effects [24] . This also suggests that the solutions are of a similar vein of bounce solutions with the currently known CDL and oscillating bounce solutions. It further reinforces the fact that bounce solutions, in general, are not subsets of a general Hawking-Turok solution, but rather the choice of which three boundary condition should be used is not restricted as long as we haveφ = 0 at the two end-points.
Criteria of existence for bounce solutions
For the various classes of bounce solutions we described above, we will demonstrate that there is an upper bound of β for which bounce solutions can exist. When the value β goes beyond this bound, the bounce solutions no longer exist. This results supplements earlier arguments that β has a lower bound. In particular, Ref. [19] found that for the n-oscillating bounce solution to exist, the value of β must have a sufficiently large value, namely β > n(n + 3).
This result was obtained by considering small perturbations about φ top , and was verified numerically in the non-perturbative case. This continues to hold true for the nonperturbative oscillating bounce solutions in the large-n limit [24] . Here, we demonstrate that there also exist an upper bound to β, which we will denote as β * , in addition to demonstrating that the non-perturbative, oscillating bounce solutions are consistent with (17) . We show in this section that the oscillating bounce solutions require n(n + 3) < β < β * ,
for some value β * which we will explore in this section.
In general, we observe that as we increase β further away from n(n + 3), the initial value φ(0) required to obtain various bounce solutions approaches the minima φ tv . In other words, as β increases, the difference φ tv − φ(0) for the oscillating bounce solution and the a-diverging solution becomes smaller. This difference continues to diminish until a value of β = β * where the difference effectively vanishes and only the trivial solution remains. We shall call this upper bound β * the 'vanishing point'.
We first consider solutions corresponding to the true vacuum to false vacuum transitions. We see that the n = 1 CDL solution vanishes first with the smallest β * compared to the n = 3 and n = 5 solutions. Table 1 shows the vanishing points for bounces up to n = 10. We note that the n = 1 (the CDL bounce) and n = 2 bounce vanishes first, at β * = 112.4, followed by the vanishing of the higher bounce solutions at larger β * . Therefore, beyond a certain β, there are no longer any quantum transitions due to the CDL bounce, but rather thermal ones with n > 1. For these values of β * , the potentials are negative for both the false and true vacua. The vanishing points for bounces up to n = 40 are plotted in Fig. 5 . ) for the odd-bounce solutions. The dashed line is the curve β = n(n + 3), the lower bound estimated by [19] .
It is worth observing in Fig. 5 that the odd and even bounces can be considered to lie on separate, slightly different trend-lines, with β * for the odd bounces are always slightly higher than those of the even bounces. We may also estimate a functional relation for each trendline by performing a Richardson extrapolation on the data points. We find that β * has the form
where the odd and even solutions have the parameter ζ given by ζ ≃ 8.61, odd n, 7.62, even n.
This is one of the major results of this paper. The fitting estimated in (19) for ζ = 8.61 (odd n) is plotted as the solid line in Fig. 5 . The even-n case is not shown as it is nearly indistinguishible from the odd-n plot on a figure of that scale. Furthermore, we have verified that all the bounce solutions satisfies the condition (17) given by [19] under the thin-wall approximation. We can also perform a similar analysis for the false to true vacuum transitions. The vanishing points of the bounce solutions up to n = 10 are shown in Table 2 . It is interesting to note that in this case, the vanishing point for the CDL n = 1 bounce is β * = 100.63 < 104.74. For this value of β, the potential V is positive at φ = φ fv . The values of β * for the higher (n > 1) bounces all correspond to negative V at both vacua. Performing the Richardson extrapolation for the false-to-true transitions, we find Table 2 : The vanishing points of n-bounce solutions up to n = 10 for the false vacuum to true vacuum transitions, with b = 0.25 and ǫ = 0.23 [24] .
As suggested by [19] , the only bounce solution corresponding to quantum tunnelling is the n = 1 CDL bounce, as the higher-bounce solutions have much larger actions, thus does not contribute greatly to the tunnelling effect. Furthermore, the higher-bounce solutions are those that approach the Hawking-Moss solution, which is a transition that is thermal in nature.
Conclusion
By exploring the numerical solutions to the classical Euclidean equations of motion, we have explored a class of bounce solutions with a diverging scale factor. The behaviour of the scalar field in this a-diverging class is similar to that of the CDL single-bounce solution, though the scale factor a grows monotonically with Euclidean time.
The reason for a diverging a is mainly due to this class of solution having vacua corresponding to V < 0, or a negative effective cosmological constant. Thus the model actually describes false vacuum decay from one anti-de Sitter space into another. While this may not be particularly relevant to inflation or cosmology, it might have potentially interesting holographic descriptions in the context of the AdS/CFT correspondence [30] [31] [32] .
We have also numerically verified an argument made in Hackworth and Weinberg [19] that all bounce solutions must satisfy the condition β > n(n + 3). This argument was originally made based on the thin-wall approximation. Here, our numerical solutions which are found beyond the thin-wall approximation continues to satisfy this bound. In addition, as the barrier curvature β increases, the single-bounce CDL solution ceases to exist. Therefore we have provided an additional upper bound and the range of β is now bounded to n(n + 3) < β < β * . Since this is the solution with the negative mode that is the main contributor to tunnelling, that means that beyond this value of β, the remaining modes are those coming from the higher-bounce solutions which behave more similarly to Hawking-Moss thermal transitions.
